Complex dynamics of chaotic maps under an infinite-precision mathematical framework have been well known. The case in a finite-precision computer remains to be further explored. Previous work treated a digital chaotic map as a black box and gave different explanations according to the test results of the output. Using the Logistic map as a typical example, we disclose some dynamical properties of chaotic maps in fixed-point arithmetic by studying its corresponding state network, where every possible value is considered as a node and every possible mapping relation between a pair of nodes works as a directed edge. The scale-free properties of the state network are quantitatively proven. The obtained results can be extended to the scenario of floating-point arithmetic and to other chaotic maps. Understanding the real network structure of the state space of a chaotic map in the digital domain will help evaluate and improve the randomness of pseudo-random number sequences generated by chaotic maps.
Introduction
In digital world, implementation of chaotic map in digital computer is an inevitable problem for its real application. Under infinite-precision domain of mathematics, the complex dynamics of chaotic maps were studied well. But, what will happen when chaos is implemented in finiteprecision computer? Based on the famous shadowing lemma, some researchers believed that any pseudo-random number sequence generated by iterating chaotic map remain complex dynamics of the original chaos to some extent. So, many work on designing pseudo-random number generator utilizing chaotic maps were proposed [1] . Meanwhile, some work [2, 3] pointed that dynamics of chaotic maps will degrade to different extents. In [4] , a series of objective metric were proposed to measure the degree of the degradation.
Complex network has become a popular tool to study dynamics of times series since the pioneering work on it was proposed in [5] . Essentially, some earlier works on studying dynamics of digital chaos can be attributed to the scope of complex network. In 1986, Binder drew the state network of logistic map and reported that the counterparts of some metrics on measuring dynamics in continuous chaos a vertex to itself.
• A directed cycle in a directed graph is a sequence of vertices starting and ending at the same vertex such that, for each two consecutive vertices of the cycle, there exists an edge directed from the earlier vertex to the later one.
• A weakly connected component is a maximal subgraph of a directed graph such that for every pair of vertices u, v in the subgraph, there is an undirected path from u to v and a directed path from v to u.
Analysis of space network of Logistic map in fixedpoint precision
Assume that µ = N µ /2 n µ , where N µ is an odd integer in {0, · · · , 2 n µ +2 }. Under fixed-point computing environment of precision n ≥ n µ 1 , the Logistic map become
where R(·) is an integer quantization function, e.g. floor, ceil, and round (In this paper, only round quantization is considered.). The final operation is quantization
2.1. Some theoretical properties of space network Property 1. The nodes of even label in the state network of F n+1 and that in the state network of F n satisfy
where a = frac( f n (i) · 2 n ), and frac(x) = x − x .
Proof. The proof is straightforward from
Property 2. The nodes of odd label in the state network of F n+1 and that in the state network of F n satisfy
2 otherwise, where i ∈ {0, · · · , 2 n }.
Proof. According to the triangle inequality, one has
Utilizing property of integer quantization function, one can get
Combing the above equation, Eq. (5) and Property 1, the property is proved.
Property 3. The necessary condition for a node in state network F n µ has in-degree larger than two is that its label is close to 2 n .
Conjecture 2. Denoting the number of connected components of state network of Logistic map by C, one has C ≤ 6.
Simulation
To verify the above theoretical analysis, we used software platform Cytoscape shown in [18] to draw some space network under some given parameters. The space networks of Logistic map of µ = 121 2 5 under 5-bit and 6-bit fixed-point arithmetic are shown in Fig. 1a ) and b), respectively, where round quantization is adopted. To show the rule of the network with respect to increase of precision more clearly, the state network of Logistic map under 6-bit precision and the same value of control parameter is shown in Fig. 2 . When the precision is further increased to 12, the network become the case shown in Fig. 3 , demonstrating some fractal phenomenon, which was studied in [19] .
Under control parameter µ = 121 2 5 , the in-degree distribution of F 18 is shown in Fig. 4 . As shown in Fig. 5 , the indegree distribution of F n approach power-law more steadily as n is increased, where F n denote the function Logistic map implemented in n-bit precision. 
Discussion and conclusion
Based on the above verified results, we have more guess on the properties of the space network of Logistic map, which are listed below.
• Each space network is composed of a small number of weakly connected component;
• Each weakly connected component has one and only one self-loop or cycle;
• The number of connected component is the number of solution of equation
in terms of (m, x), where F (m)
n (x) denotes the m-th iteration of F (1) n (x) = F n (x). When m is equal to one, the solution is a fixed point.
• In each cycle whose length larger than 2, there is at least one node of large in-degree;
• Let (D n /2 n ) denote the node of biggest degree in the state network of F n (x), one has where n ≥ n µ .
• One weakly connected component dominates the whole network, i.e. size of the component account for more than half of the size of the whole network. Among all the connected components there have a clear decreasing order.
This paper proved some subtle properties of space network of Logistic map under fixed-point arithmetic computer, which discloses the rough structure of the network. The properties of the network under floating-point arithmetic computer specified in [20] still need further research. This paper demonstrates that methodology of complex network provides a novel tool to study dynamics of digital chaos.
